Abstract. In this work we study deBranges-Rovnyak spaces, H(b), on the unit ball of C n . We give an integral representation of the functions in H(b) through the Clark measure on S n associated with b. A characterization of admissible boundary limits is given in relation with finite angular derivatives. Lastly, we examine the interplay between Clark measures and angular derivatives showing that Clark measure associated with b has an atom at a boundary point if and only if b has finite angular derivative at the same point.
Introduction
The theory of the Hardy spaces goes back to the beginning of 20th century and by the developments in functional analysis which treats these classes as linear spaces of holomorphic functions this special class became one of the central figures in the interplay between functional analysis and complex analysis. Among these H p classes the space H 2 (D) is of particular interest because H 2 (D) is a Hardy-Hilbert space and having a Hilbert space structure puts this space into the intersection of holomorphic function theory, functional analysis and operator theory as well. Later, from Beurling's exquisite solution to invariant subspace problem in H 2 (D), the subclasses called 'model spaces' emerged and they are of the form ΘH 2 where Θ is an inner function in H 2 (D). A similar modeling theory was pioneered by L.deBranges and J.Rovnyak and it was the beginning of the theory of H(b) spaces. In their approach the idea was to see H(b) spaces as the complementary spaces just like in the model space case however as Sarason [6] and many others pointed out H(b) spaces can also be considered as the range of a specific contraction that contains Toeplitz operators. This approach became a determining point in the theory of deBranges-Rovnyak spaces because it enables the construction of H(b) spaces on different regions other than unit disc and also to construct vector valued versions of these classes.
As it is well known in the 70's holomorphic function theory in several variables took a turn from sheaves etc and became more focused on boundary behaviour, ∂-problem and smoothing. In his prominent work [5] , Rudin considered the Hardy space theory in the setting of unit ball. Following his notation throughout this study, H ∞ (B n ) is the class of bounded holomorphic functions of the unit ball B n ⊂ C n and the Hardy-Hilbert space H 2 (B n ) is defined as
where the inner product on H 2 (B n ) is given as:
In this work we will consider deBranges-Rovnyak spaces of the unit ball of C n . The main focus will be on three topics, namely Clark measures, boundary limits of H(b) functions and angular derivatives. First of all, as it was pointed out in [3] , H(b) spaces are flexible in some sense compared to classical model spaces however when it comes to the representation it is a difficulty since the inner product does not have an explicit integral form however following their idea in the disc case we will give an integral representation of H(b) functions of the unit ball through Clark measures. Since deBranges-Rovnyak space H(b) is a subspace of the Hardy-Hilbert space H 2 (B n ) we already know that H(b) functions have radial boundary values ( [5] ) and in this study we will give the full characterization of these boundary limits over admissible approach regions through finite angular derivative of the determining H ∞ function b. In the last part of this study we will consider the relation between Clark measure associated with b and finite angular derivative of b at the boundary S n . The main result in this part will show us that the Clark measure associated with b cannot have point mass at a point in S n as long as b has infinite angular derivative at that point.
Preliminaries
Let b ∈ H ∞ (B n ), b is a non-constant holomorphic function and b ∞ ≤ 1. Analogous to the unit disc case let us define deBranges-Rovnyak space H(b) of unit ball as the subspace of the Hilbert space H 2 (B n ), defined by the inner product
Using this identification we say that f ∈ H 2 (B n ) belongs to H(b) if and only if
As it can be seen from the definition, deBranges-Rovnyak spaces are more flexible than the classical model spaces however not having an integral representation for the inner product has its own difficulties hence it is important to be able to represent these spaces as reproducing kernel Hilbert spaces with an explicitly written kernel. Hence we will now focus on the reproducing kernel of the H(b) spaces:
First of all, the reproducing kernel for the classical Hardy-Hibert space
and we will next show that the reproducing kernel for the H(b) space can be written in terms of the classical kernel (2):
so by ([4] , Theorem 16.13) we have
As it can be easily verified (for more details see [7] ), we have
and
Integral Representation of H(b) and Clark Measures
Although we have the explicit formulation of the reproducing kernel K b (z, w) we still cannot represent an H(b) function as in (5) since the inner product ., . b is given implicitly with respect to the classical inner product. However, one can still have an integral representation for H(b) spaces using Clark measures:
Let z ∈ B n , ξ ∈ S n with z, ξ = 1 then the equality C(z, ξ) = 1 (1 − z, ξ ) n defines the Cauchy kernel for B n . Then, the invariant Poisson kernel is given by the formula
Given an α ∈ T and a holomorphic function ϕ : B n → D the quotient
is positive and pluriharmonic therefore there exists a unique positive measure µ such that
The measure µ is called the Clark measure associated to ϕ.
Proof. Take α = 1 ∈ T then by (Proposition 2.2,[1]) we have
[Note that I being inner plays no role in the proof of (Proposition 2.2,[1]) so we can apply it to the case of b.] Hence from the definition of K b (z, w) and the Clark measure we obtain the result.
Since we have the relation
For the Clark measure µ, let us define the following integral operator
then by (Lemma 13.9, [3] 
[Since the lemma applies directly to B n case we do not repeat the proof here.]
The relation (6) suggests that
Proof. First of all by the previous lemma and (7) we have,
and by (6) we get,
In particular g L 2 (µ) = V b g b when g is a finite linear combination of kernel functions K(., w 1 ), . . . , K(., w n ) for some w 1 , . . . , w n ∈ B n . For a g ∈ H 2 (µ), the generalized Hardy space [for details see [3] , chapter 5] by (Theorem 5.11, [3] ) we know that there exists a sequence {g n } converging to g ∈ H 2 (µ) where each g n is a finite linear combination of kernel functions. Since V b is continuous we have V b g n → V b g both in the topology of O(B n ) and pointwise in B n . Since V b g n is a Cauchy sequence there exists f ∈ H(b) such that V b g n → f and by continuity of evaluations on
Hence V b is an isometry and by (8) range of V b contains all elements
is a partial isometry so the operator
is a unitary operator and for an f ∈ H(b) there exists a unique g ∈ H 2 (µ) such that f = V b g and
Restricted Limits and Finite Angular Derivatives of H(b)
Functions of B n H(b) functions are a subclass of the Hardy-Hilbert space H 2 (B n ) and Hardy space functions have boundary values through specific approach regions. In this section we will consider the restricted limits of H(b) class and their relation to the finite angular derivatives. Definition 2. We say f has restricted limit at ξ on S n if f has limit f * (ξ) along every curve Λ(t) approaching ξ that satisfies
where λ(t) is the orthogonal projection of Λ(t) onto the complex line [ξ] through 0 and ξ and λ(t) = Λ(t), ξ .
Suppose f is holomorphic in B n and bounded in every approach region Γ(ξ, α). If lim r→1 f (rξ) exists then f has restricted limit at ξ.
Now let us consider the angular derivatives for the class H(b):
Definition 3. We say ϕ : B n → B m has finite angular derivative at ξ ∈ S n if there exists η ∈ S m so that ϕ(z) − η, η ξ − z, ξ has finite restricted limit at ξ.
Definition 4.
We say that a function has angular derivative in the sense of Carathéodory at ξ ∈ S n if it has finite angular derivative at ξ and moreover |f (ξ)| = 1.
The following theorem is the main result of this section that characterizes the admissible limits of H(b) functions through angular derivatives:
n , let ξ ∈ S n and put
Then the following are equivalent
(iii) For all functions f ∈ H(b), f has admissible limit at ξ (i.e it has a limit f * (ξ) along every curve lying in some admissible approach region Γ(ξ, α)). Proof. (i ⇒ ii) If c < ∞ then there is a sequence (z n ) ∈ B n converging to ξ such that c = lim
so we have lim n→∞ |b(z n )| = 1 and we can write c = lim
has a weakly convergent subsequence in H(b). Since (b(z n )) n≥1 is bounded, it also has a convergent subsequence in B n hence we may assume there are η ∈ D and k ∈ H(b) such that b(z n ) → η and
n we have |η| = 1 and
thus if z ∈ Γ(ξ, α) for some α > 1 then,
and as z → ξ from Γ(ξ, α) the right hand side tends to 0 so lim z→ξ Γ(ξ,α) b(z) = η. Now denoting η as β(ξ) write which in turn gives that 1 − ηb(z) (1 − z, ξ 0 ) n ∈ H(ηb) and this is equivalent to the condition that η − b(z) (1 − z, ξ 0 ) n ∈ H(b). 
